The paper describes a new method for assessing the impact of increasing static strength due to cyclic loading on the fatigue life of various materials and provides a mathematical description. Experimental results available in the literature were used. A generalized concept of unit fatigue damage was used to produce a simple hypothesis defining fatigue life as a function of load history. The method is mainly devoted to analysis of semi-rigid asphalt pavements but can also be applied to other engineering materials. Two sample calculations were conducted which drew on the results of fatigue tests under variable loading: one concerns cement-treated soils used as base layers for road pavements and the second describes the fatigue problem of a beam rear axle made of TL1114.
Introduction
Many fields of engineering, especially civil engineering and the automotive industry, are searching for a more accurate way of predicting the fatigue life of materials and structures. For example, as regards asphalt pavement design the most universal methods [1, 2] are mechanistic-empirical methods. Their application requires the calculation of stress and strain conditions at critical points under the influence of expected loads. On the basis of these calculations, the fatigue life can be estimated by means of empirically established formulas. Two basic criteria are applied. The first concerns the cracks on the bottom of asphalt layers caused by repetitive loads produced by wheels of vehicles. The second criterion refers to the phenomenon of structural rutting, the result of accumulation of irreversible deformations in the upper layers of the soil subgrade. In the case of semi-rigid pavements, the structural damage process is subdivided into two stages, i.e. before and after the occurrence of fatigue cracks.
If the amplitude of cyclic loading is constant, the Palmgren-Miner Rule is usually sufficiently accurate to predict the fatigue life. The formula describing the fatigue failure condition based on the PMR is as follows [3] : 
where:
• n i -number of cycles at stress level σ i , • N i -number of cycles inducting failure at stress level σ i , • m -number of stress levels σ i . Numerous research results show the significant effect of load history on fatigue life, which is not included in the PMR. This phenomenon was observed in the case of metallic [4, 5] , cement concretes [6] , and cement treated soils [7] . Therefore, several hypotheses aiming to estimate the fatigue life of the structure under variable loads have been posited, including modified Miner's rule (MMR) and relative Miner's rule (RMR). The phenomenon of fatigue is described more and more accurately, for example, by the description as a stochastic process [8, 9, 10] . High accuracy may be obtained by taking into account the strengthening effect of load cycles below the fatigue limit (LALS). The strengthening effect in this case is understood as an increase in fatigue strength. It can be determined by performing additional fatigue tests of samples pre-loaded with a small amplitude load. In the present work the strengthening effect is also taken into account, but defined as an increase in the static strength. Various studies show that cyclic loading can cause an increase in static strength: e.g. yield stress in the case of metallic alloys [11] and the flexural strength of cement-treated soils [7, 12] . This phenomenon can be explained by the dislocations motion, the self-arrangement of the materials internal micro-structure or fracture toughness increasing by micro-cracks [13] . The dislocations motion can be observed in abovementioned materials. For example in cement-based materials the motion of charged dislocations indicates electric current in loaded specimens [14] . The strengthening effect has led to the development of a new method for estimating the fatigue life of cement treated soils under variable amplitude loads. The hypothesis presented in this paper has been already published in Polish with the example calculation for samples of cement treated soils [15] . At the beginning of this paper we briefly present the assumptions of the hypothesis with results of primary case. Later we show that this method may be utilized in other industry branches like an automotive industry. Finally we also present possible application in pavement design process. Experimental results available in the literature were used. A generalized concept of unit fatigue damage allowed the formulation of a simple hypothesis defining fatigue life as a function of load history.
Generalized unitary fatigue damage (GUFD) concept 2.1 Basic assumptions
In order to use the PMR the relationship between the level of load and fatigue life (S-N curve) obtained as a result of tests at constant amplitude cyclic loading is required. The complete fatigue tests are time-consuming and expensive. Thus, the relationships between fatigue strength and physical or mechanical properties are investigated. Such mechanical properties can be easily measured. An example of this kind of relationship is the Illinois criterion, applied for cement-treated mixtures and described by the following formula [16] :
• N k -allowable number of load repetitions,
• S -applied flexural stress/flexural strength ratio. The results obtained using the Illinois criterion are not as accurate as in the case of curves constructed on the basis of individual fatigue tests. However, this criterion shows how important the degree of effort in the structure under cyclic loads is. Thus, a relation between the load and the static strength can be a reference point for the comparison of materials with different properties. Further evolution of this idea is a concept of the change in the static strength of the material under cyclic loading [15] .
The results of research presented by Koba [7] , related to cement-treated soils, illustrate the importance of the sequence of variable load amplitudes. As proved by Koba, specimens subjected to pre-loading demonstrated much greater fatigue life than could be obtained with the PMR. In addition, the samples which were not destroyed by cyclic loading showed an increase in static strength compared with samples not subjected to pre-loading.
Combining these observations allowed the adoption of two assumptions, leading to the development of a new method for determining fatigue life by taking into account the effect of changes in static strength [15] . The acknowledged consequence of both assumptions is that, because of the increase in updated static strength with a constant load, the fatigue damage will grow non-uniformly because the updated stress ratio of the sample decreases. This is the fundamental difference between the method proposed in our paper and the classical approach (e.g. the Illinois criterion), where the linear fatigue damage during the whole process of destruction is assumed.
Description of the method
The phenomenon of increase in the static strength of the material as a result of cyclic loading observed by Koba [7] has largely been reported in relation to metallic alloys. Some papers emphasize the effect of this phenomenon on fatigue life [4, 5, 17] . However, the strengthening effect has so far been observed only through a direct increase in fatigue strength. In contrast, a completely new approach is proposed in this paper. It consists of the calculation of an increase in fatigue strength by taking into account the changes in the static strength of the material under cyclic loading. In order to explain the principles set out in Section 2.1, the following parameters are used:
• R u -updated static strength -static strength of material subjected to a certain number of load cycles, • R n -nominal static strength -static strength of material before any cyclic loading, • S n -nominal stress ratio, ratio of load to nominal static strength R n , • S u -updated stress ratio, ratio of load to updated static strength R u , • d -generalized unitary fatigue damage -loss of the structure fatigue life under a single load cycle. It should be emphasized that in the case of the PMR, which does not take into account the increase in updated static strength, the unit fatigue damage is constant d = 1/N, where: • N -number of load repetitions to failure. Assumption No. 1 above refers to static strength. It was observed, that depending on the nominal stress ratio and the number of loads, the static strength may change in different ways [11] . The same applies to changes in the fatigue strength of pre-loaded specimens [4, 5] . In this paper we assume that the static strength changes as shown in Fig.  1 . It should be emphasized that our approach differs from that presented by Xi and colleagues [4] where the curve shown in Fig. 1 relates to the fatigue strength.
Because of the lack of sufficiently accurate research in this area, some simplifications have been made. It has been assumed that the increase in the static strength depends only on the number of cycles and the strengthening function corresponds to the optimal nominal stress ratio. Assumption No. 2 above introduces a slight but significant modification to the method previously used. Usually, the fatigue life is determined as a function of the nominal stress ratio, assuming that during the constant amplitude loading stress ratio does not change. However, taking into account Assumption No. 1 (the strengthening of the material) naturally creates the need for a formula containing updated stress ratio S u . Therefore, the generalized unit fatigue damage (GUFD) concept has been used in order to describe the phenomenon of the fatigue, allowing us to take into account the above assumptions.
The curve representing the PMR in Fig. 2 is actually a constant function, because the stress ratio does not change during loading. Consequently, it is not necessary to consider any unit fatigue damage in this case. Of course, taking into account the effect of strengthening should not alter the fatigue curves, previously calibrated in the conventional manner. Such a procedure would lead to an underestimation of the value of the function of unit fatigue damage. Fig. 1 The static strength changes depending on the nominal stress ratio [15] Fig. 2 The change in generalized unitary fatigue damage in the process of cyclic loading [15] Thus, the cumulated fatigue damage would also be underestimated. It is therefore necessary to calibrate a new curve or to propose a function directly describing the unit fatigue damage. Then the total fatigue damage can be determined as the cumulative sum or the integral of the function of unit damage. As the sample calculation will show, the approach takes into account the loading history, which has a significant impact on improving the estimation of fatigue life.
Validations
In order to verify the potential suitability of the method, two sample calculations were performed in different fields of engineering: civil engineering and the automotive industry.
Constant amplitude loading: cement treated soil
Before attempting to verify the potential suitability of the method by the sample calculation, the relationship between the unit fatigue damage and the updated stress ratio needs to be established. The research conducted by Koba [7] using specimens of cement treated silty sand at different levels of load and established the following fatigue curve (S-N curve):
Thus, the equation of generalized unit fatigue damage in the case of the above curve is as follows: 
Similarly, in the case of the Illinois criterion, the GUFD function has the following form: 
Since the Illinois criterion and the experimental curve are not intended to take into account the increase of static strength, the updated stress ratio does not change and is equal to the nominal stress ratio.
The proper function of the GUFD with respect to the presented method has been presented in the form of polynomial curves:
where α, β, γ are the polynomial coefficients and are the exponent parameters. The increase of strength is described by Eq. (8), depending on the number of loading cycles i.
where A = 0.25 is the maximum increase in the static strength after C = 200 000 of loading cycles. This formula corresponds to the previously discussed case of strengthening material at the optimal S n . The constants A and C were assumed on the basis of observations of Koba [7] . As a result of the calibration procedure the parameters of the investigated GUFD functions were obtained and are shown in Table 1 . The GUFD functions are illustrated in Fig. 3 . The most salient feature of the calibrated polynomial functions is that they significantly differ from fatigue damage determined from the classic S-N curve at low updated stress ratio. This is because the strengthening of the material needs many loads to be repeated. This phenomenon reduces the updated stress ratio. However, since the target fatigue life is the same regardless of the method (test results), the consequent fatigue damage must be greater with a lower updated stress ratio.
Comparison of the results of fatigue life N, calculated with the experimental S-N curve and the proposed GUFD functions, shows the calibration is good in the case of fixed nominal stress ratio (see Table 2 ).
It should be emphasized that the essence of the proposed method is not only matching the results under constant amplitude load but taking into account the history of variable amplitude loads. Therefore, the calibrated functions are used in the sample calculation in which the results drastically differ from predictions by PMR.
Variable amplitude loading: cement-treated soil
The results of the fatigue tests of cement-treated soils under variable load amplitude were analyzed. The applied load program included the actual distributions of pressure on the road surfaces from different vehicles. The samples were pre-loaded for 28 days. The one-day pre-load cycle is shown in Table 3 . Both fatigue and strength tests were performed on a four-point bending test machine. A detailed description of the test was given by Koba [7] .
After the initial loading, the samples were loaded in blocks of 500 cycles. The updated stress ratio in each subsequent block was increased by 0.05 of R n .
The effect of the strengthening phenomenon was unexpected. The specimens were destroyed after 283 cycles at very high nominal stress ratio S n = 1.15. With this strengthening effect it is not possible to estimate the fatigue damage by using the PMR. Therefore, comparison of the results is presented up to the point where the load was at nominal stress ratio S n = 0.95, and the fatigue damage obtained using the PMR was greater than 60 (a typical failure condition equals one).
The calculations were performed with the use of the above GUFD Eq. (6) and (7), and the total fatigue damage was determined by the following formula:
The effect of growth of the fatigue damage calculated with both the GUFD concept (D 4 ) and the Palmgren-Miner Rule (D 1 ) is shown in Fig. 4 .
Finally, the cumulative fatigue damage, calculated until the nominal stress ratio S n = 0.95, for the fourth function of unit damage fatigue was D 4 = 1.32 . In the case of the first function, when strength changes were not taken into account, the cumulative fatigue damage was D 1 = 62.95.
Constant amplitude loading: torsion beam rear axle
The second example concerns the calculation of fatigue tests for a vehicle element. A description of the research has been presented in detail by Zhao and colleagues [5] . They analyze the obtained results using various fatigue hypotheses. They also propose a new method for fatigue life prediction under service loading histories by taking into account low-amplitude-load strengthening (LALS). The main assumption of the aforementioned method is that the fatigue strength of materials increases because of pre-loading under low amplitude (65% to 95% of fatigue limit). The following shows the results obtained for the beam rear axle, as well as a comparison with the results of calculations performed with the method presented in this paper.
The S-N curve determined under constant amplitude loading can be expressed as [5] :
where S a is stress level [MPa] . Further calculations were carried out with the nominal static strength R n = 360MPa equal to the yield strength. The next step of the procedure needs the function of the static strength growth to be assumed. As in the previous example the updated static strength is expressed by Eq. (8) . The coefficients used in the model were obtained from the literature [4, 10] . Therefore, it was assumed that the yield strength increases up to A = 0.11 during C = 200 000 cycles of loading. The fatigue unit damage d 5 was determined by Eq. (7). The calibration results are shown in Tables 4 and 5 . 
Variable amplitude loading: torsion beam rear axle
The variable loads were applied in the form of an eightlevel loading block [5] . The levels of loading and corresponding numbers of cycles are shown in Table 6 . The loading blocks were repeated until failure.
The test results and the fatigue life calculations conducted by Zhao and colleagues [5] were compared with the prediction obtained by using the GUFD concept ( Table 7) . The slope of S-N curve extension in modified Miner's rule is denoted k'.
Practical application
Pavement structure constantly operates under variable loads depending on the vehicle types and weather conditions. This is stochastic process, so the example application of presented method taking into account this kind of variability would not be clear enough. However there are some cases where mean amplitude of the load changes instantly and then remains constant for longer period of time. This is during construction of the road or after pavement repair when additional asphalt layer is placed.
The tension stress on the bottom of example pavement structure (Table 8) was calculated under 40 kN wheel load. Assuming that nominal flexural strength of cement treated mixture in subbase is R n = 1.20MPa we can find that nominal stress ratio S n could vary between 0,95 (when construction machines rides directly on the cement treated layer) and 0,48 (when pavement structure is finished). It should be noted that in this example we analyze opposite effect -the weakening material, when very high load is applied at early stages of loading. So the PMR would overestimate the fatigue life of the material. This effect also may be taken into account with GUFD method, but requires information about both positive and negative influence of the load history on the static strength of the material. This relationship was acquired from [18] for sand stabilized with 10% of cement. The fatigue tests results for similar mixture was obtained from [7] . The samples were preloaded with nominal stress ratio is S n = 0.80 for 112 times. In the next step the S n was reduced to 0.7. Samples were loaded with this magnitude until destruction. Results of laboratory test, PMR and GUFD methods are compared in Table 9 .
As it can be seen the GUFD concept allows for taking into account both strengthening and weakening of the material. There is no need to conduct additional fatigue tests under variable amplitude loading. However changes in static strength of the material must be assumed. So this phenomenon should be better investigated.
Discussion
In the case of cement-treated soil the results obtained with the proposed method much better reflect the assumptions of fatigue hypotheses, where the failure occurs at the cumulative damage D = 1. However, it should be noted that our calibration was based on limited research, indirectly drawing conclusions about changes in static strength.
The second example shows that the accuracy of the proposed method is higher than that of the classical methods (PMR and MMR). On the other hand, the proposed method gives worse results than the method accounting for the LALS effect.
Greater accuracy of the LALS method is also associated with greater labor consumption because the calibration of the method requires the material fatigue characteristics to be determined twice. The first fatigue characteristic should be obtained without pre-loading but the second one needs to be calibrated after pre-loading. However, in the case of the GUFD concept [15] , the fatigue characteristics are determined only once. Moreover, the specification of the static strength increase is also required, which is much less time-consuming. Another limitation of the LALS method is that it only takes into account the strengthening influence of the loading below the fatigue limit. Thus, in the case of variable amplitude in a range above the fatigue limit the LALS method is reduced to PMR.
Verifying the accuracy and usefulness of the method still requires a number of experiments, especially about the impact of cyclic loading on the constitutive properties of materials. Further work by the authors of this paper will focus on experimental verification of the proposed method, and examination of the impact of cyclic loading on the static strength of cement-treated soils.
Conclusions
On the basis of conducted analysis following conclusions can be drawn:
• The proposed method describes in a simple way the effect of strengthening on the fatigue life of engineering materials.
• Consequently, the changes in the updated static strength of material under cyclic loading are very important and should be determined in the laboratory. This phenomenon is not well recognized, especially in the case of cement-treated soils. Therefore, complex research is required.
• The proposed method can be applied to a variety of materials that reveal a change in updated static strength caused by cyclic loading.
